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Abstract. The asymptotic form of the Froman and Froman solutions to the Schrodinger
equation has been used to calculate the low energy spectra and corresponding matrix
elements for many-well potentials. It has been proved that the Bohr-Sommerfeld quantisa-
tion condition is also valid in the low energy region, independently for each well. It has
also been shown that the corresponding matrix elements are dominated by the energy
levels belonging to the same well. The general results have then been used to show that,
in N dimensions, with spherically symmetric Hamiltonians, quantum systems approach
their classical configurations with constraints when N - co.

1. Introduction

Approximate calculations with the help of asymptotic expansions are the common
practice in quantum mechanics as well as in quantum field theory. The best known
and oldest are the asymptotic expansions in #i—the Planck constant. Recently, large-N
expansions for different quantities (energy, matrix elements, etc) have also been widely
used, N being the number of degrees of freedom connected with some kinds of
symmetry (O(N), SU(N), etc). Many field-theoretical models are simplified greatly
inthe limit N -» co. Results of such calculations are expected to be good approximations
for real cases even when N is finite (see, for example, Coleman 1980, Witten 1979).
On the other hand, it-has been observed that in the large-N limit quantum theories
can approach their classical configurations with constraints (Jevicki and Papanicolaou
1980, Jevicki and Levine 1980, Bardakci 1981, Halpern 1981, Yaffe 1982).

The corresponding asymptotic expansions for N (or #7') > oo can be obtained by
using the Feynman path integral method together with the instanton technique (see,
for example, Hikami and Brézin 1979) or with the stationary phase approximation
(Dashen et al 1974, Rajaraman 1982). The universality of the method allows us to get
the asymptotic expansions for the systems with finite degrees of freedom (i.e. in quantum
mechanics) as well as in quantum field theory.

However, in the case of quantum mechanics there exists an older alternative method
based on the asymptotic solutions to the Schrodinger equation. The method is well
known (see, for example, Landau and Lifshitz 1965, Fedoryuk 1983). In some applica-
tions it seems to be even simpler than the Feynman path integral method (Koudinov

0305-4470/89/152965+26$02.50 © 1989 10P Publishing Ltd 2965



2966 S Giler

and Smondyrev 1983). Therefore, it is worthwhile to re-examine it by applying it to
physically interesting cases.

In the present paper we are going to apply the method to the lower part of the
energy spectrum. However, we are faced then with the situation that there are no rules
allowing us to find the relevant asymptotic expansions for both low energy ievels and
matrix elements. Existing applications of the method, although well worked out (see,
for example, Landau and Lifshitz 1965, Froman 1966, Froman and Fréman 1974a, b,
1977, Berry and Mount 1972, Hioe et al 1978), deal mainly with the high energy part
of the energy spectrum.

On the other hand, in the known applications of the method to the low energy
region the corresponding calculations were performed in a way suitable for the case
considered and therefore are difficult for generalisation to an arbitrary case (see, for
example, Koudinov and Smondyrev (1983), where the relevant calculations were made
in the case of O(N)-symmetric anharmonic oscillators regarded in the limit N - o).

Therefore, the need arises to develop the corresponding rules for asymptotic
calculations in the low energy region in a systematic way. In this paper the relevant
rules are formulated for:

(i) quantisation of energy levels; and

(ii) calculations of matrix elements.

To establish the rules, one can proceed along two possible ways.

In the first one, all the relevant calculations are performed using a formal form of
the exact solutions to the Schrddinger equation and then taking the corresponding
asymptotic limit in the final formulae for energy levels or matrix elements.

The other possibility is to perform all the calculations using the relevant asymptotic
representations for the wavefunctions from the very beginning. The final formulae are
then readily obtained in their asymptotic forms.

Choosing the first way one has to operate with the special form of the solutions to
the Schrodinger equation which allows us to take the desired asymptotic limit in the
final formulae in an easy way. The solutions found by Froman and Froman (1965)
have such desired forms. However, their main disadvantage is a rather complicated
analytic structure, which makes it difficult to use them effectively in order to obtain
the rules we are looking for.

Contrary to this the asymptotic forms of the Froman and Froman solutions are
extremely simple and they reveal their usefulness in asymptotic calculations just in
the higher regions of the energy spectrum (see, for example, Landau and Lifshitz
(1965), Froman and Froman (1977) and § 3 of the present paper for a more systematic
treatment).

However, when trying to apply the same asymptotic forms of the Froman and
Froman solutions to the low energy region one meets serious difficulties related to a
phenomenon typical for this region. This is a settling down of the low energetic
quantum object at the bottom of the quantised potential well if the asymptotic limit
is taken.

At the formal level of the asymptotic solutions the phenomenon causes a collapse
of two neighbouring classical turning points. Then the size of the classically allowed
region defined by the points vanishes asymptotically. As a consequence of that some
asymptotic solutions become singular at the bottom of the well. This causes a serious
problem in an analytic continuation of the relevant asymptotic solutions through the
region. Therefore, direct applications of the asymptotic solutions to the low energy
region calls for solving this problem.
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It has been shown in this paper that the relevant analytic continuation is possible
asymptotically (see § 4 for an introduction to the problem and appendix 5 for its
solution). It has made it possible to obtain the following main results:

(i) the proofthat the Bohr-Sommerfeld quantum condition also remains unchanged
for the low energy part of the energy spectrum (§ 4); and

(ii) the general asymptotic formulae for the low energy levels and the corresponding
matrix elements (8§ 4 and 5).

The above general results are then applied to the case of the N-dimensional
Schrodinger equation with a potential having O(N) symmetry when the asymptotic
limit N - +o0 is taken (§ 6).

We would like, however, to stress that in this paper we consider only the dominant
asymptotic series expansion, i.e. we neglect all possible subdominant (exponentially
small) corrections to energies and matrix elements. It is known that such subdominant
contributions contro!l the large-order behaviour of the asymptotic expansions of the
relevant quantities (Balian et al 1979, Hikami and Brézin 1979, Avan 1984, Avan and
de Vega 1983, Koudinov and Smondyrev 1983). Therefore, we have to limit our
investigations to a few terms of the considered asymptotic expansions. This limitation
is not, however, inherent in the method. In fact, it is possible to get the full dominant
and subdominant asymptotic structure within the framework of the Froman and Froman
(1965) solutions to the Schrédinger equation. A discussion of this point is postponed
to another paper.

The paper is organised as follows.

In the next section (§ 2) a set of exact solutions to the Schrédinger equation is
introduced and its main properties are discussed. The solutions have the forms as
found by Froman and Froman (1965). The reasons for performing such an extended
discussion of these solutions (despite the fact that there exists the original literature
of the subject (see for example Froman and Froman 1965, Dammert and Froman 1980,
Dammert 1983, 1986)) is the following.

In applying the solutions to physical problems we prefer to adopt a technique
different from the original F-matrix approach of Froman and Fréman (1965). We
rather follow Fedoryuk’s (1983) approach using well defined and finite systems of the
exact solutions to the Schrodinger equation having the Froman and Fréman form. In
what follows the chosen solutions shall be called the fundamental solutions (§ 2.1).

The following properties of the fundamental solutions are their main advantages
in applications.

(i) Each fundamental solution has a well defined asymptotic representation which
is valid in a so-called canonical domain of the relevant fundamental solution. The
canonical domains and their properties are discussed in § 2.2.

(ii) The set of asymptotic solutions can be used in the same way as the exact
fundamental solutions themselves, preserving some of the important properties of the
latter in simplified forms. These asymptotic representations and their properties are
discussed in § 2.3.

(ii) The finite sets of fundamental solutions to the Schrddinger equation are
sufficient to solve each globai one-dimensional quantum mechanical problem (or many
dimensional reduced to one) such as, for example, the quantisation of energy levels,
calculations of matrix elements, etc. This is why they are called the fundamental
solutions.

(iv) The property of the fundamental solutions formulated in the previous item is
also shared by the sets of corresponding asymptotic representations of the fundamental
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solutions if the relevant problems are to be solved asymptotically in the region of high
energy levels.

In § 3 the Bohr-Sommerfeld quantum conditions are rederived for the high energy
levels in the case of many-well potentials. The aim of the section is to show how
effective is the direct use of the asymptotic solutions in the high energy region as well
as to get necessary experience for a subsequent discussion in the next section.

In § 4 we consider the asymptotics of the low energy part of the spectrum. We
show that the corresponding quantisation procedure can be performed and that emerg-
ing quantisation conditions are the same as for the high energy levels. Using the
conditions some general expressions for the first three terms of the low energy level
asymptotic series are obtained.

In § 5 the asymptotic calculations of the relevant low energy matrix elements are
performed for the many-well potential. A general result of these calculations is rather
simple: the asymptotically dominant part of the relevant matrix diagonalises and each
diagonal matrix element is dominated asymptotically by the classical value of the
considered quantity at the bottom of the quantised well.

The general results of §§4 and 5 are then applied in § 6 where the low-energy
spectrum and the matrix elements for the N-dimensional Schrddinger equation with
O(N) symmetry are investigated. We find that the quantum mechanical system with
O(N) symmetry approaches a classical configuration with constraints when N - oo,
The results of our calculations are in full agreement with those obtained by Jevicki
and Papanicolaou (1980), Halpern (1981), Bardakci (1981) and Yaffe (1982).

The results obtained in the paper are summarised in § 7.

For clarity, many detailed calculations, proofs, formulae etc have been presented
in appendices.

2. Fundamental solutions to the Schrodinger equation and their asymptotic forms.

2.1. Fundamental solutions to the Schrédinger equation

Let us assume for simplicity that the potential U(x, A) is a polynomial function of x
with coefficients being meromorphic functions of A. U(x, A) is real for real x and A.
We also assume that the spectrum is purely discrete, i.e. U(x, A)- +oo for |x]| = +o0.
The Schrodinger equation:

[(—#%/2m)(d*/dx*+ U(x, A)]¢(x) = Ey(x)
can be written in the form:
U'(x) = A%q(x, E,A)y(x) =0 (2.1)

where g(x, E,A)=2m[U(x,\) — E]/(Ah)".
After making the substitution:

Yo (x) =g "*(x) exp[aS(xo, X)), (x)

S(xo,x)=/\J g"*(y) dy o=zl (2.2)

X0

q(x,)=0
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we obtain an appropriate equation determining ¢,{x). Solving by iteration we get

n=1

Ja(x)=1+Z(a/A)"J dy,J dyz---f dy.w(yy) ... w(y,)
¥y (x) ¥ () ¥ (¥u-1)

x{1-exp[20S(x, y1)]}
x {1—-exp[208(y,, )1} . . . {1 —exp[20S(n_r, y) I} (2.3)

where

w(y)=39"(»)/ () ~Ha' )/ ¢ *(¥)] (2.4)

and where the dependence of the relevant functions (¢, q, w, etc) on the parameters
A, h, E is not explicitly indicated.

Zeros of g(x) are called turning points. They are simultaneously the singular points
of w(x).

In the formula (2.3) the integration path y“(y,) starts from infinity and runs to y,.
Besides, Re S(x,, yx+1) = —o© when y, .~ o along the path.

The series in (2.3) is uniformly convergent provided that

lim inf C,e(x) J lw(y) dy| <+ (2.5)

¥7(x)

where the limit is taken for the set of all the paths y“(x) and C,-(x) is defined by
Cy(x)= max )ll ~exp[208(y, 2)]| (2.6)
wzey (x

where the points y, z are ordered on y7(x), i.e. y lies between x and z on y“(x).

A convenient way to describe the main properties of the representations (2.2) and
(2.3) is to draw a so-called Stokes graph (see figure 1). Such a graph consists of Stokes
lines given by the equation Re S(x,, x) =0 for all roots x;, of g(x).

Each system of Stokes lines divides the whole complex x plane into a set of disjoint
pieces. The solutions of the form given by (2.2) and (2.3) can be constructed in each
piece that contains +o or —© of Re S{xg, x).

Each such piece D which does not contain any Stokes line (i.e. the Stokes lines
form its boundary dD) and for which Re[aS(xy, x)] <0 with x,€8D we shall call a
sector.

Figure 1. The Stokes graph for a general potential.
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In each sector D the solution (2.2) is uniquely determined (up to a constant) by
the condition of vanishing as x - o0 in this sector. The solution (2.2) defined originally
in the sector D can be further continued analytically to any point of the Stokes graph
(which is not a turning point of the graph) using the formulae (2.2)-(2.4). It increases
infinitely when continuing to any other sector of the graph if x -» o in this sector.

Therefore, each particular Stokes graph defines its own set of solutions having the
form (2.2). We shall call each solution entering the set a fundamental solution to the
Schrodinger equation.

Let us note further that any two solutions defined in different sectors of the Stokes
graph are linearly independent. This fact is the obvious consequence of their asymptotic
behaviour described above.

On the other hand, any one of the fundamental solutions can be expressed as a
linear combination of another two linearly independent fundamental solutions. The
coefficients of such a linear combination can be calculated directly by analytic continu-
ation of the solutions to the corresponding sectors of the Stokes graph keeping their
form (2.2). Writing

d’l(x):ai/j»kd’j(x)+ai/‘k—>jwk(x) (2.7)

we have

Qifjsk = xl_i’ggk [llf:(x)/(//j(x)]

(2.8)
Qg = XILIE [¥i(x)/ e (x)]

where o, o, are the infinity points at the sectors D;, D, respectively.

2.2. Canonical points and canonical domains of the fundamental solutions

For a discussion of asymptotic properties of the fundamental solutions the notions of
canonical points and of canonical domains seem to be extremely useful (Fedoryuk
1983).

Let D be the sector where the fundamental solution ¢, is defined.

A point x is a canonical point for ¢ (x) if a path y,(x) exists for which each
ordered pair (y, z) of the points y and z lying on the path (with y between x and z) fulfils:

Re[aS(y, z)]=<0. (2.9)

A path yp(x) with the property (2.9) is called a canonical path.

It follows from (2.9) that for the canonical points of ¥p(x) the coefficient C,_(x)
defined in (2.6) cannot be greater than 2.

The set K, of all canonical points of ¢, is called the canonical domain of ¢,. Of
course, D< K.

We shall call the domains K, and Kp, communicated canonical domains if D,,
D, Kp,n Kp,# .

Let Kp i=1,2,3, be the pairwise communicating canonical domains. It follows
then that for the corresponding solutions ¢, i=1,2,3, the coefficients @D /DDy >
ap /DD, -+ ¢, I, j, k=1,2,3, of the corresponding linear combination (2.7) can
be calculated by (2.8) keeping x running to the infinities ®©p, Op,, ..., etc, along the
corresponding canonical paths yp (20,), ¥p,(%04), ..., etc. Such @ coefficients we shall
call canonical coefficients.



Low energy levels and matrix elements 2971

If Kp, and Kp,,, are not communicating canonical domains then it is always
possible to find a sequence Kp , Kp,, ..., Kp, of the canonical domains such that in
each of the triads (Kp,, Kp .., Kp,,,), p=0,1,...,n—1, the domains are pairwise
communicating canonical domains.

It follows, therefore, that in each linear relation (2.7) its coeflicients are either the
canonical coefficients or can be expressed as a function of such coefficients.

The last property is the key one for asymptotic calculations of energy levels and
matrix elements when asymptotic forms of the fundamental solutions are used directly
instead of the solutions themselves.

Finally, let us note that, as follows from (2.2), in order to get « in (2.8) we have
to calculate L/z,(oo )= df,.,,, d/,_,k, etc, defined in (2.3). An important property of these
quantities is the following one (see appendix 1):

d;i—»'= d;‘—»i

n (2.10)
w:-»k wk—»r
etc.

2.3. A asymptotic of the fundamental solutions

Each fundamental solution has a well defined asymptotic behaviour when A >+ in
the sector where it is constructed under the assumption that the corresponding Stokes
graph does not change ‘essentially’ when the limit is taken. This can be expressed
more precisely as follows (Fedoryuk 1983).

Let A>Ap>»1, and z,(A),..., z5,(A) be the (simple) roots of g(x, E, A). Let us
assume further that for A > +oo and any k=1,...,2n finite limits exist: lim z,{(A) = z,.
Let also g(x, E, A) have the following asymptotic behaviour when A - +oc:

906 E M)~ qas(x B A) = go(x) ~2E+ L gu(x)A™". (2.11)

If for any k=1,...,2n and A > Ap, there are pairwise disjoint domains }, of the
x plane, such that zk(A) Z EQk then each fundamental solution ¢, has in the sector

D, p=1,2, 2,...,r=1,7—1, r, whereitis defined, the following asymptotic expansion,
for A > +00:

Upas = gas ‘(x, E,/\)CXP</\UJ gus dy+J x(o, y, E,A)dy> (2.12)

2, )
where the asymptotic series x(o, y, E, A) is constructed in appendix 2.

The asymptotic form (2.12) for the fundamental solution ¢, can be continued
analytically to each point of its canonical domain K. On the other hand, K, is the
maximal domain where the representation (2.12) can exist. However, the asymptotic
form Y a5 of Y¥p can be found outside its canonical domain K, by the same analytic
continuation procedure which has been described for ¢, itself at the end of §2.2.
Besides, let us note that there is no other way of analytic continuation of (2.12) outside
Kp. In particular, continuing ¢, 45 in this way, one can use for this goal the relations
(2.7) and (2.8). This will be demonstrated explicitly in the next section.

Let us note further that the relations (2.10) remain valid also asymptotically, being
expressed more explicitly as conditions on the functions x(o, x, E, A) in the following
way.

Let us write (o) (=x(o, x, E, A)) as

x" (o) =3lx(a)+x(-0)]

o (2.13)
x () =3x(0) +x(~0)]
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where ¥ and y~ stand for the even and odd parts of y(o), respectively (i.e. y* (o) =
+yx(—0c)). It means, of course, that ™ does not depend on o, i.e. x (o)=x"(x, E, A)
and y (o)=ox (x, E, A).

Let us note further that the sectors D;, D; in (2.10) are such that o;=—o; or if
g; = g; then the continuation of ¢ to D; has to cross the cut where g'’? changes its
sign. Therefore, effectively o, =—o0; in any case. On the other hand we have the
following asymptotic representation for di(x):

’J;i,AS(x) =€Xp <J

x!

X

X(O',', Vs E9A)dy> (2'14)

which comes out from (2.12). Using (2.13) we get from (2.10):

j X" E ) dy=0 (2.15)

:Cl

with no condition on y . It follows further from (2.15) that the integral

J x"(», E, ) dy (2.16)
does not depend on what sector D,, p=1, 2, 2,...,r—1,r—1, r, the infinity point oo,

is taken in.

Finally, the following statement expresses the importance of the asymptotic rep-
resentations (2.12) for asymptotic calculations.

The set of asymptotic forms (2.12) of the fundamental solutions is sufficient for
solving asymptotically each global (one-dimensional) quantum mechanical problem
in the region of high energies.

The above statement is the asymptotic analogue of the basic property of the set of
the fundamental solutions formulated in the introduction.

3. High energy levels and matrix elements in the asymptotic region A — +c0

The assumptions under which the asymptotic representation (2.12) has been written
lead to the conclusion that (2.12) can be applied directly to the higher lying levels of
the energy spectrum. This limitation follows as a consequence of a finite separation
of the turning points z,, k=1,...,2n, in the limit A > +0, since then, as follows from
(2.2) and (2.12), for each pair z,, z;, k # j, k, j=1, ..., 2n, of the turning points we have

Ame S(zx, ) = 0. 3.1)

In particular, if z,, z; are a pair of the real classical turning points related to some
potential well, then (3.1) means that the momentum of a particle bounded in the well
increases infinitely in the limit A » +00,

However, since the limiting Stokes graph remains almost unchanged in comparison
with the original one then the asymptotic representations (2.12) can be applied using
the same rules in relevant calculations which are proper for the fundamental solutions
themselves.



Low energy levels and matrix elements 2973

On the other hand, if S(z(A), z;(1)) is to remain finite in the limit A » +o¢ for
some pair 2z,(A), z;(A) of turning points then the points have to collapse in this limit.
That is, we should have

lim [2(0)=z(1)]=0. (3.2)

The relation (3.2) means that the limiting Stokes graph has to change dramatically
in such a case. Further, although the asymptotic representations (2.12) remain valid
in each sector of the limiting Stokes graph some paths of analytic continuations
previously possible are now blocked. Therefore, it is also unclear how to use then the
representations (2.12) in an effective way.

Postponing the discussion of this problem to the next section (§ 4) we shall first
show how the representations (2.12) work when used to quantise high energy levels.
Due to that we shall also get some insight into what will happen when the collapse
(3.2) takes place.

3.1. The Bohr-Sommerfeld quantisation condition

Let figure 1 represent the asymptotic form of the Stokes graph for energy E when
A > +00, Then (2.12) defines the asymptotic forms of the solutions (2.3) in the sectors
D,, D,, D,,..., D,_,, D,_,, D,, with o, =(—1)*, where k is the sector number. If
¥*5(x, E, A) is an asymptotic form of the (normed) wavefunction ¢(x, E, A) with energy
E then we have

Clwl,AS(x, E’ /\) X € Dl

AS(x, E ={ :
'J/ (x’ ’ /\) ann,AS(x’ E, /\) X € Dn

(3.3)

In order to get the asymptotic forms of ¢ in the remaining sectors D,, D,, ...,
D,_,, D,_,, we have to continue analytically the solutions Yy as and ¥, o5 to these
sectors. It can be done with the help of the asymptotic solutions defined in these
sectors together with formulae (2.7) and (2.8) (see appendix 3). Finally, ¢, 55 and

Y..as continued to the sectors D, and D, are

U1as = Orlias T Ok as
(3.4)

Yuas = 0 ast d’kllflz,As

where o and w, are given in appendix 3. If we now match ; o5 and ¥, 5 at the
sector D, we get the following asymptotic quantisation condition for the energy:

n—1
IT (1+e)=0 (3.5)
q=2
where
eq=exp<(—1)"+‘§ (/\q;‘S/Z-J-X')) g=2,...,n—1.
Cy

Suppose that (3.5} is satisfied due to e, = —1. It is then seen from formulae (A3.2)
and (A3.5) that §, o5 and ¢, a5 can both be continued at most to sector D,. Therefore,
the constant C = C,,/ C, which relates both the considered solutions can be determined
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by matching ¢, s and ¥, s exactly in this sector. Using again the formulae (A3.2)
and (A3.5) this gives

C=ar/w,=iCXp[_J’azX_+’i.(_1)P<J Aqi2+ J X__'[ X_)
0, p=2 C: " K

P r r

n-2 by
-2 (—D”(J Aqk’s2+'[ X_‘J x‘)+(—l)"J x'}
p=r c c K e,

» P P

X H (1+e, )< H (1+e,,))“1. (3.6)

P= r+

The quantisation condition (3.5) follows as a result of the reality of C, i.e. C=C.
It is thus seen from (3.5) that the energy is quantised asymptotically in independent
ways for each well of the potential. For the rth well the quantisation condition is

i(— 1)§ (Agid+x)=Cm+1)7 m=0,1,.... (3.7)

Let us now note that application of the condition (3.7) strongly depends on our
assumption about the ‘stability’ of the Stokes graph (see figure 1) in the limit A - +o0.
In particular this assumption means that all the distances between the points a,, b,
and b, ax,,, k=2,...,n=1, in figure 1 remain finite when A » +00, It follows then
immediately that for the energies E, , fulfilling the conditions (3.7) for some r and m
we have E, ,, - constant (> U(x,), with x, the minimum of the rth well). Therefore,
for the quantum number m in (3.7) we have m ~ A in the limit A > +00 (since y ~~A ™!
in this limit). In this way the stability assumption provides us with the usual condition
for applications of the Bohr-Sommerfeld formula (3.7), i.e. we should apply them to
the high energy levels. It follows therefore that the region of the low energies has to
be considered separately.

3.2. A asymptotics for matrix elements

Let us discuss briefly how to use the asymptotic forms (2.12) to calculate the A » +c0
asymptotics for different matrix elements. We are interested in the matrix elements of
the functions f(x, d/dx) that are polynomials in d/dx with holomorphic (or meromor-
phic) coefficients V,(x), finite for real and finite x. The relevant matrix elements are then

See(A) = J g(x, E,A)f(x,d/dx)y(x, E', A) dx. (3.8)

However, to get the A > +o¢ asymptotics of (3.8) it is insufficient to substitute ¢ in
the left-hand side of (3.8) by their asymptotic form (2.12). It is also necessary to distort
the integration path in (3.8) in such a way so as to pass through extrema of Re(f,k qis+
§3, ga¢?), which is the usual condition for using the saddle-point method. This is the
way of finding the asymptotic expressions for the matrix elements (3.8) which has been
described by Landau and Lifshitz (1965) (see also Migdal 1975).

There also exists an alternative approach, developed by Fréman and Froman (1977)
(see also Streszewski and Jedrzejek (1988) for the Feynman path version of this method).
In what follows, however, we shall prefer to use directly the saddle-point method to
investigate the matrix elements (3.8) because of the regular behaviour of the low
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energetic asymptotic wavefunctions at the critical points lying on the real axis (see
appendix 4).

4. The low energy level A asymptotics

4.1. Are the Bohr-Sommerfeld conditions valid for the low energy levels?

As we have noticed earlier, the case of low energy levels has to be considered separately.
At first glance, what happens exactly in that case seems to be inferred from (3.7) where
for fixed m and A » +20 we expect to get from

§> [90(x)—2E}’1"*=0 (4.1)
C.

where E® =1im, ..« E<(A). However, there are at least two objections against such
a procedure. First, as we have seen, to obtain the quantisation condition (3.7) it was
necessary to continue first the solutions ¢, o5 and ¢, s to the sector r with the help
of the formulae (3.4). On the other hand, the coefficients o, and o, that define the
continuations depend on the factors exp[Z;Z} (-1)""' IK,) x~] and
exp[Z,’f;‘z (-1)? -[Kn x ], respectively, which can spoil the whole procedure in the case
of low energies. The crucial point is that the integration contours K, in these factors
are pinched by the points b,, a,, respectively, in the limit A > +00, Therefore, one can
doubt seriously whether the corresponding integrations remain finite when the limit
is taken because the integrand x~ is singular at each minimum x,=Ilim,...b,=
lim, .« a,.

Secondly, if the derivatives ¢'"(x,) vanish fori=1,...,2s—1, s # 1 (as in the case
of the quartic anharmonic potential U(x)=x*), then not only the points a, and b,
collapse at x, when A -+ but also 2s —2 other (complex) zeros of q,(x) which lie
outside the contour C, in (3.7). In such a case the situation becomes ‘pathological’
for the quantisation condition (3.7) because the contour C, is pinched by these 25 —2
collapsing complex zeros against the zeros at a, and b,. Such a pinching is strictly
connected with an asymptotic dependence of energy E on A: the dependence is
‘analytical’ when s = 1 and singular when s> 1 with a branch point at A "' =0. There-
fore, in further considerations we limit ourselves to the simpler cases with two collapsing
real zeros (i.e. to the cases with s =1). For such cases it is shown in appendix 5 that
the ‘danger’ integrations along the contours K, remains finite when A » +c. Con-
sequently, the asymptotic quantisation condition (3.7) remains valid also for the low
energy levels, the equation (4.1) is correct and we can continue its analysis.

4.2. The low energy levels in the limit A >+

First, (4.1) means that there is no cut between the points a,, b,. This is possible only
when the difference go(x)~2E() is proportional to (x —x,)?, i.e. when E = g,(x,),
go(x,) =0 and gg(x,) # 0. Of course, it means that our quantum object settles down
at the bottom of the rth well when A - +o0. For the Stokes graph of figure 1 it results
in collapse of the points a,, b, into the point x,.

To handle these cases with the help of the quantisation rules (3.7) it is merely
necessary to fulfill the following conditions.
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(i) To write E in (3.7) as a series:
E.n.=2% EA78 (4.2)

k=0
(ii) To expand the integrand Agis+ x~ into power series in A:
XGRS +x =240 +341 40 P+ AT @840 P —adnGo P x D (43)
where g,=¢q,-2EY),, p=0,1,....
(iii) To substitute each y.(x; go—2E, ..., g) by
Xe(X; go=2Em, ..., q—2E}}) k=2,....
(iv) To perform the integrations in (3.7) term by term.

With the above prescriptions we obtain the following results for the first three terms
in (4.2):

i(—l)’f# (go=2E')""*dy=0
C

¥

and
1§ 2B g0 2E ) dy=Cm
c,
and
Ey =(m+3)[2g6(x)1"* +3q,(x,)
i(=1)" ¢ [3g2d45' 7 ~5:40°*+x 1dy=0
C,
and
EC) =i{il(m+2)7+3195.,96) — 5[(m +3)* +51(g6)) + (m+3) (2950 '?
X (qg,rq’l/,r_ qg?:q;r) - qg‘r(q’l.r)z}(qg,r)_z+%q2,r m= Oa 1, QI (4-4)

where q,,=q.(x,), g, =qu(x,),...,etc, n=0,1,....

5. The low energy matrix element A asymptotics

Let us now discuss the possibility of asymptotic calculations of the matrix elements
of the type (3.8) in the considered case. The general method described by Landau
and Lifshitz (1965) can also be applied now. But it can be simplified greatly because
the relevant saddle points lie on the real axis in the considered case and therefore the
deformation of the integration contour in (3.8) is no longer necessary.

However, to handle properly all the relevant cases let us list first the possible variety
of the matrix elements (3.8) we should take into account. In our further considerations
we shall limit ourselves (without loss of generality) to the cases when the low energy
levels are quantised at most in two wells, say k and p (with k> p), with the help of
the rules (i)-(iv) stated above. We assume also that the bottom of the kth well lies
below the pth one and that go(x,) = go(x,) =0 and g5(x,) = 1, where x, stands for the
position of the bottom of the pth well. The bottom of all other wells lie above the x
axis. Then we can specify the following cases of the matrix elements (3.8) in which
there is no need to deform the integration path off the real axis.
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(i) Both the energies E and E’ are low and belong to the kth well energy spectrum
and

Go(x) <0 (5.1)
where x, is the position of the kth well bottom.
(ii) Both the energies E and E’ are low and belong to the spectrum of the pth
well and
(a) go(x) <0,
(b) go(xx)=0, go(x:)=1,..., qif’(xk) = qg)(xp), qi{x) = ‘Il(xp), BRI
g\ (x) =gV V(%) s g, (x) = g,(x,) (5.2)
(¢) gas(X) =gas(—x), (asymptotically symmetric potential)
(iii) E belongs to the pth well low energy spectrum and E’ to the kth one and
o(x) =0, go(x) =1, .., 46" (%) = 95" (x,),
@1(x) = qi(x,), ..., gV V() = g1 (%), - g, (0) = g,(x,). (5.3)
For the remaining possible combinations of the energies E and E’ (also including
high lying levels) one needs to use the general Landau and Lifshitz prescription.
Let us now consider successively all the cases listed above. However, in order not

to complicate excessively our further investigations we suppose that the function f in
the matrix elements (3.8) depends only on x (i.e. f is independent of d/dx).

Case 1. In fact, this is the case of a one-well potential (see figure 2). The general
formulae (3.4) for s a5 (since n =3) and i, s are significantly simplified in this case.
Both ¢ o5 and ¢, 45 are holomorphic at the point x = x, (see appendix 4). The matrix
elements (3.8) can be calculated without deformation of the integration path. So,
expanding f(x) in power series around the point x; and using the asymptotic formula
of appendix 6, we get

frn= (=07 j P FCOU dx+j RSO %)

—x Xy,

ix T —1/2
x(j (ﬁ?:csff (wa,",isf)

=f(xk)6mn+O(A_l)- (54)

w

Re X

Figure 2. The Stokes graph for case 1 of § 5.
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To obtain the final result in (5.4) we have made use of the orthogonality relations
for ¥\")s and ¢{"{s and of the fact that the rth term of the power series expansion for
f{x) (proportional to (x — x;)") lowers by r the leading power of A in the corresponding
asymptotic series.

Let us note, however, that with the help of our method of calculation it would be
extremely difficult to find explicitly the general form of the coefficients of the asymptotic
series in (5.4), except for the first few. The method of Balian et al (1979) seems to be
much more effective for finding the large order behaviour of these coefficients with A
(see, for example, Koudinov and Smondyrev 1983).

Case 2a. This is the case of the double-well potential (see figure 3). It is necessary
to use different asymptotic representations for the wavefunctions ¢, and i, on different
parts of the integration path K. Let us choose them as follows:

Cia as(x) for the part K, of K
Clays as(x) + @y as(x)) for the parts K,, K;, K, and K; (5.5)
d1,.as(x) for the part K, of K.

The deformation of K from the x axis, as seen in figure 2, is necessary since the
points b,, a, are singular for all the solutions ¢, s, i=1,3,3, 4. The constant C in
(5.5) is defined by the procedure of matching ¥, as(x) and ¢, ss(x) and & by continu-
ation ¢, os(x) to the D, D, sectors. They can be determined as

-1
C:—i[llfs—-i/(%ﬂ%—»z)hs(l+CXP[J- (/\q,lx/sz*‘x')dy:l)
<
xexp[/\(j +J‘XP+J. )q}{szdy]
K Jan JK,

a = =i[($.3)/ f-3las (5.6)
where the paths K’, K" and K, are shown in figure 3.

and

Im x

Figure 3. The Stokes graph for case 2 of § 5.
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Let us note that the solution C(ay; as(X)+ @&y as(x)) continued to the part K of
K takes the form:

C(m.l‘s,As(x)"'&‘f’E.As(x))=(“’1)m‘1/1,As(x) xeK; (5.7)

where U, os{x) can be continued to K; from K, through the point x, which is regular
for this wavefunction (see appendix 4).

From (5.6) it follows that, due to the factor exp(A [ gXs), C is exponentially small
when A » +00. It causes the integrals calculated on the parts K,, i=1,2,3, 4 (but not
on K:!), to also become exponentially small. Therefore one needs only to calculate
the integrals on K, and K;. But, because of (5.7), this is the same task as in the
previous point, and we get simply

S =F(%,)8pmn +O(A7H). (5.8)

Case 2b. The conditions (5.2) defining the case are equivalent to Ei), = EY,,, for
s=0,1,...,r, and E"# E,/n". However, due to the regular behaviour of ¢,z
when A -+ (see appendix 5) this case reduces, in fact, to the previous one and the
formula (5.8) is still valid.

Case 2c. Both the points x, and x, = —x, are now regular for ¢, as(x) and ¢, As(x)
respectively. Using symmetry arguments we can construct asymptotic solutions in
different regions of the integration path in the following way:

¢’1,As(x) x>x,
(=1 as(x) 0<x<x,
ll’AS_ d’l.AS(_x) _xp<x<0 (59)
(—l)mwl.As(“x) x<—Xx,

where ¥, as(x) is defined in the region 0<x <x, by its analytic continuation from
x> x, through the point x,. It follows then that both points now contribute to the
asymptotic matrix elements of f and we get

Jon = () + (=1)™ " f(=%,))8,0n + O(A7H). (5.10)

Case 3. The saddle-point method applied to the case collects the contributions from
the well extrema of the pth well asymptotic wavefunctions as well as of the kth ones.
However, the contribution of the kth well wavefunctions at the pth well bottom is
exponentially small (by (5.6)) and vice versa. Therefore, the matrix element (3.8) is,
in the considered case, exponentially small in comparison with the previous cases and
this exponent is determined by the formula (5.6).

At the end of this section let us note that the A asymptotic of the low energetic
matrix elements also can be studied using the technique originated by Froman and
Froman (1977). It needs, however, a generalisation to include both the case of
many-well potentials and the complete asymptotic form (2.12) of the wavefunctions.

6. The Schrodinger equation in N dimensions with O(NV)-symmetric potential

Let us apply the result of the previous sections to the case of the N-dimensional
Schrddinger equation defined by the following Hamiltonian:

H=p/2+ NV(x?/N) (6.1)
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where x2=3, xi, p>=2._, pi with p, = —i5/3x, (in (6.1) we have put m=#=1),
The Hamiltonian (6.1) is, of course, O( N)-symmetric. The behaviour of such (and
similar) systems in the limit N - o has recently been studied extensively by many
authors (Jevicki and Papanicolaou 1980, Jevicki and Levine 1980, Bardakci 1981,
Halpern 1981, Yaffe 1982, Koudinov and Smondyrev 1983, Avan 1984, Avan and de
Vega 1983). Because of the scalar character of the Hamiltonian (6.1) with respect to
the group O(N) we can limit our investigations only to the states which form the
tensor sector of the irreducible representations of the group O(N). As is well known,

each tensor function of x,,..., xy belonging to this sector is totally symmetric and
traceless. Therefore, each wavefunction Yg(x,,...,xn) being a solution of the
equation

Hyg = Ee (6.2)

can be represented as
wE(x19' . 'axN)=Rk,E(r)T/'LI . '/'Lk(xla' . ’xN) (63)

where r’ = x>and T, ... u is some irreducible tensor of the O( N) group. Substituting
(6.3) into (6.2) we get the following radial Schrodinger equation for R, g(r)r'V*2*"1/2=
Y. (r):

Y{-[2NV(r*/N)+(N+2k~-1)(N+2k—3)/(4r)—2E]Y,=0. (6.4)

Changing further the variables in (6.4) with the rules r > rN'/?, E > Ne and putting
U(r)= V(r*) and Q,(r) = Y (rNV?) we get

Q)= N [2Ugs—26]10,=0 (6.5)

where Ugg= U +[1+(2k—1)/N][1+(2k—3)/ N1/87*. Although the above equation
has the standard form (2.2) we cannot investigate directly the asymptotic behaviour
of ), and other quantities when N - +0, using the method worked out in the preceding
sections, because of the singularity of Ugg at r =0. A finite solution in the Froman
and Froman form (2.3) with the y path starting from r =0 (the infinity point of Ugg)
does not exist. However, it is well known that such a finite solution can be constructed
with the help of the following Langer change of variables in (6.5):

r=exp(x)
Z(x)=Q(x) exp(—x/2) (6.6)
—0< x <+,
Then, we get finally for Z, :
Z,-NT,Z,=0 (6.7)
with

M (x)=2U(e") e* —2e e** +[1+ (2k—2)/ N]*/4. (6.8)

6.1. The low energy levels in the large-N limit

Let us calculate first the energy levels when N - +oc. For simplicity we suppose the
potential U/(r) to be a polynomial in r, having only one well, with the minimum at
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r=r>0, together with U(r;) =0. Therefore, in this case the asymptotic quantisation
condition (3.7) is

i§ [NIV3(x)+ dr(x)]dx=Q2m+1)7 m=0,1,... (6.9)
-

where C' is the closed path around the minimum of II(x) =limy_ . [I;(x). Coming
back in (6.9) to the variable r, we get

i§ {NRQU(r)+(1+(2k—=2)/ N)*/(4r*) =2¢]V*+ i (r)} dr
c

=2m+1)7w m=0,1,... (6.10)

where C runs around the minimum roof Uy(r) = U(r)+(8r*)'and ¢ (%)= dr(x) e
Making use of formulae (4.4) we obtain the following expressions for the first three
terms of the asymptotic expansion of the (k, m)th energy level:

Elom = Uo(ro) = U(ro)+(8r) ™"
Elm=[(m+1/2)(U?)"2+ (k=1)/(2r%)],-,,

Eum=3k=1)*/r"=1/8r —3{H[S(m+1)*+ HI2U -6/ r°)
+i{(m+3)7+3R2UW+30/rJ2UP +3/2r* + 2m+1)(k~1)
x[U"+3/4r']2@U>/rP+12U"/r* =3/ r%)
—[4(k—-1)*/r*l[2U"+3/2r%]}
x[2U"+3/2r°17Y,_,, k,m=0,1,.... (6.11)

Of course, to get the corresponding asymptotic series for the energy E given by
(6.4) it is sufficient to multiply the asymptotic series for g ,, by N.

Before going further let us note that, according to the general rule, the state of the
lowest energy corresponds to k = m =0, i.e. is non-degenerate (Glimm and Jaffe 1981).

6.2. The large-N limit of low energy matrix elements

Let us now investigate the behaviour of the matrix elements (3.8) with N. We only
consider the case with f(x, p) depending on the scalar arguments x? and p®. In such
a case it is sufficient to consider a monomial f*/ = x**p¥ which acts on the wavefunction
(6.3) as

S =X PV = Ty .o g (1[N 7297(d/dr)(rV 297 d/dr) PR, £ (r). (6.12)

Using now the modified wavefunctions Q, we get the following expression for the
matrix elements of £

) ) Bl ) Ee) oo /2

‘;fm,vn=5qL,N“-fJ erqmzk’Qq,,<J‘ drﬂf,mj drﬂin) (6.13)
Q 0 0

where

zkj = (_l)jr(N+2q‘l)/2

% {rzk[r—-N—2q+l(d/dr)(rN'+2q—1 d/dr)}ir_(N+2q_')/2}. (6.14)
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Evaluating the leading term for f%, .. we get in the limit N -+ (see appendix 7
for details)

N o = 840, RIPY+O(N™) (6.15)

where Ry =roN'?and P, = (2Ne'l, —2NU(ry))"'* = N/2R, is the value of the classical
momentum tangent to the sphere of radius R,, which the classical particle moves over
having the total energy Ne'’) in the external potential NU(rN'/?). So, we get in this
way the well known picture of the large-N limit of the O(N) model—the classical
movement with constraints (see, for example, Yaffe (1982) and references therein). In
the considered case the particle is constrained to move over the sphere of any radius
R, and the momentum P, fulfilling P,/ R,=3r;” and this limit does not depend on the
state number n. This last property is caused by the settling down of the particle at the
bottom of the potential well when N - +0o0 so that different geometries of the states
.., reduce to that of the sphere. For the same reason the matrix ff,",',,‘v,, diagonalises
in the limit N - +0co, becoming a classical function of the variables R, and P,.
Moreover, this function appears to always be the same independently of the ordering
of the operators x* and p’® in the operator function f(x°, p?), i.e. these operators
commute in the limit N - +oc.

7. Summary of the results

For the quantum mechanical systems for which the corresponding Schrodinger equation
can be reduced to a one-dimensional equation we have calculated the low energy levels
and corresponding matrix elements. We have done it with the help of the conventional
asymptotic series expansions in relevant quantities. We have shown that these calcula-
tions can be performed for potentials with arbitrary numbers of wells. We have found
the following properties of the asymptotic quantisation procedure.

(i) The quantum conditions for the energies become the standard Bohr-Sommerfeld
conditions independently for each well.

(if) The dominant matrix elements are obtained for the energy levels belonging to
the same quantised well.

(iii) The dominant part of the asymptotic matrix elements diagonalises and reduces
to the classical value of the relevant quantity at the bottom of the quantised well.

(iv) For the quantum system in N dimensions with the O(N)-symmetric Hamil-
tonian this reduction leads to a classical movement with constraints.
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Appendix 1

To prove the relations (2.13) it is sufficient to consider only three cases: L[:k_,g, c[lk_.m
and .+, (see figure 1). Let us first prove the relation:

Uik = Uik (AL.1)



Low energy levels and matrix elements 2983

Taking into account (2.3) we get

b =1+ Y (ou/A)" j dylf | dyj dyn () ... 0(y,)

n=1 ocy e X

x{1—exp[20%:S(y:, y2) 1} .. . {1 —exp[204S(yu_y, y) 1} (Al1.2)

It should be noticed now that the y integrations go from oo, to o©; (along the
integration path v,) through the cut (a,, b;,). So the y slide from the upper sector k
of Riemannian surface to the lower one k. However, the right-hand side of (A1.2) can
be rewritten in such a way to have the path y, starting at the very beginning from the
lower sector k of the Riemann surface and ending at the upper sector k. It needs only
to change ¢"/? into —¢"/? in (A1.2), i.e. to change w » —w and § - —S. If we note also
that S(y;+,, v;) = —S(y;, yi+1) then changing simultaneously the order of integrations
in (A1.2) into the opposite one (i.e. using the transformations y; > y,_,+,) we get

Gop=1+Y (ak/A)"J ‘dylf 'dyz...J Ty, 0(n). .. 0()

n=1 acp ok ey

x{1—exp[20%S{y1, y2)1} ... {1 —exp[20%S(Yn_1, ¥a)1}- (A1.3)

Of course, the right-hand side of (A1.3) is identical with l/’;;:e:p So the proof is
completed.

The proof of the relations (/7,(*,(—,—1 = d‘;m_.k and t/?k_,kﬂ = (ZHH,\. is even easier and
is reduced to changing the order of integrations in (A1.2) (where we should substitute
k by k+1 or k+1, respectively) by the rules y,> y,_;.,. These transform § into —$
and interchange the lower limits of integrations in (A1.2) with the upper ones so that
the total change of sign, equal to (—1)", appears in front of the multiple integral in
(Al1.2). In that way we get

-~ <y Yy Y-t
Gk =1+ % (_Uk/A)"j dle d,Vz---J, dy,w(y) ... o(y,)

n=1 4 O 44 O 4y

X (1—exp[—20%S(yy, y2)1} .. . {1 —exp[=20%S(Yn-1, ¥u)1} (Al.4)

and similar expressions for th_,k—ﬂ (by substitution of 00, , » g7 in (A1.5)). Having
in mind that o},, = ogF7 = —0y it is seen that (Al.4) proves (Al.3).

. A simple conclusion which follows from (Al.1) is the reality of i (ie. a/‘;k_,,;=
Y- x) being the consequence of the assumed reality of the potential g(x).

Appendix 2

We construct here the asymptotic series for (o, x, E, A) entering the formula (2.12).
Inserting (2.12) into the Schrodinger equation (2.1) we get

69 Ks —4qasqAs T (2A0G%5 —3gasqas)x + gas(x'+ x2) =0 (A2.1)

where gas is defined by (2.11) and x by

x(a,%x, EEA)= 3 A" 'xpia(o, x, E). (A2.2)

n=0
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Substituting (2.11) and (A2.2) into (A2.1) and expanding q¥s into the power series

of A ™' and equating to zero expressions at successive powers of A ™' we get the following
recurrent formulae for y,.»:

x2=(0/8)[q6(qo—2E) —3q5)(go—2E) >
x:=3x:0(0/2)q0(go—2E) ** = 5¢,(go—2E) "1+ (c/2){il 97 (90— 2E) + 94 q,]
—396q1—(go—2E ) x4} (qo—2E) ™"

Xrea= "z oo “2< DECED/GICD S g ap/ o)
S

+(0'/2)< g Xn—-k+3 ; qi-;9q;

n— n+1

Xn—k-p+2Xp+2 Z qx-i9 — Z Xn-k+3 Z qi-;9q;

M:

+Zkzo(q:_k+2qk +§q’n_k*qu)) 9" (A2.3)

n=0

where in the formulae for x,.4, n =0, g, means g,—2E. For the reason that will

become clear in appendix 5, let us express (A2.3) in terms of x,., (as defined by
(2.13)). We get

X3=0
=%[qé’(qo—215) 395')(go—2E)™"?
—3x2 (go—2E) "%+ iX290(qo—2E) "2
X3 =§[41(Qo_25)+%‘11_?%‘h](%_25)_5/2—%/\’2_‘11(‘10"25)_1

n+2 k
Xn+4 Z Xn k— Z l)J {."F( 2)} z q;;, Yo qp,/(qO)J
=1 pit...+p =k
pi=1
1/1n+2 k ,
'2‘<5 Z Xn—k+3 Z 9k-;4;
n n—k
_kZO ZO Xn k— p+2Xp+2+Xn k— p+2Xp+2 Z Gk ,qj
P
n+1 s/
-z Xnk+3 Z qk_,q,>q5/
n+2 )
Xn+4 Z Xn k—4 Z ( I)JF( +_])/{]!I‘(—%)} Z qp,-"qp,/(qO)J
pit...+p=k
=1
1 1n+2
2( L Xr-kss Z 4-;4;
n n-—k n+1
—kZO Zo (Xn~k- p+2Xp+2+Xn k—p+2Xpr2) Z Gk-;9; — z X,l k+3 Z qx-;q;
P Jj=0
1 n+2

+ Z (gn—k+29x 4q’n_k+zqi)>q6”- (A2.4)
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By mathematical induction one can infer from (A2.4) that x,.,, n=0, have the
following analytic structure:

Xn+2 (‘10_25) Qa2 Z fnn. ‘10) (40_2E)L (AZS)

=0

where a3,.,=a3,=5and a3, = a3,., =4, and the sum in (A2.5) is a finite polynomial
in the variables g, and g,— E with coefficients f,. which are finite polynomials in the
variables qg, g, K =1, and their derivatives. By detailed analysis of (A2.4) and using
mathematical induction one can obtain the following properties of the polynomial on
the right-hand side of (A2.4).

(i) The highest power r; of g, when v=0is

Pine1=Fane2=2n+3,
and
Fan =ty =2n+12 n=0,1,.... (A2.6)
(ii) The lowest value m; of the sum r+2v of the powers in (A2.5) is:
My =Mi2=2n+3
and
M3 =Mspy, =2n+2 n=0,1,.... (A2.7)

The above properties are important for considerations in appendix 5.

Appendix 3.

To get the quantisation condition (3.3) it is necessary to match the solutions ¢, o5 and
Yn.as by analytic continuation. We can continue both the solutions to the sector Dy,
for example, (see figure 1). Continuing ¢, 55 We get

has= 0 ast TPz as=. .. = O ast+ Gk as (A3.1)

where

a; k—1
ak=ik_'exp[~J x dy+ ) (-U”(J 1/zdwaJ x”dy>
x, p=2 C; Ch

" r

+(—1)“'J- X dy+Z( 1)”“'( x‘dy]kI:I;(Heq)
.

¢, p= K,
with

e, —exp(( 1)”“§ (Agd+x~ )dy) p=2,... k—1. (A3.2)
The integration paths C}, C; and K, p=2,. —1, are shown in figure 1. The

closed paths C, are deﬁned by C C, C where the bar over C, means the complex
conjugate path

In a completely analogous way one can continue i, 45 to the sectors D, and D,
to get

Ynas = Wi as t+ Oty as (A3.3)
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where

"

b, _, k
wk=ikexp[(—1)"J x dy+ ¥ (—U"(J Aq%édy+J X‘dy)
oc, p=n-—1 C, Ch

a; k n—1
+(—1)k+1J- x dy+ Z (—l)pﬂj x~ dy] 11 (1+e,)e..
ESN p=n—1{ K, g=k+1

(A3.4)

To perform all the above calculations the following asymptotic representations for
Upas, P=1,...,n—1, and ¢, s were used:

wp.As=qR’s/4eXP[(—1)”('[ qk/szdy+}‘ x'dy>+j x+dy} p=1,...,n-1

ﬂ,, o< e

and

wn,As=i"“‘qxé/“exp[(—l)"(J q,‘(szdy+J x“dy>+J x+dy]

by LS ©
(A3.5)

"

together with the relations:

Ypas(x) = 'I’p,AS(x—) p=1,...,n (A3.6)

Appendix 4

We shall show below that in the case of low energy levels belonging to the pth well
the solution ¢, s is regular at the point x, (see figure 3). To do it let us note that, as
follows from (A2.3), ¢y as(x) can have at most the infinite-fold pole at x,. However,
let us consider the following quantities:

f Yi(x, A)x? dx q=0,1,... (A4.1)
q

r

where C, is a closed path around the point x, and ¥z (x, A} is the exact solution to
the Schrddinger equation corresponding to the energy E. The solution ¢ is the
holomorphic function of x at some vicinity of the point x, since the potential U(x)
is holomorphic there. Therefore, each quantity (A4.1) vanishes. On the other hand,
each of these quantities has a definite asymptotic behaviour when A -~ +o which can
be obtained by substituting ¢(x, A) in (A4.1) by its asymptotic values ¢, As(x). (This
substitution is possible since ¢ 45 can be continued analytically to any point of the
path C,.) In this way we have

J W asx? dx =0 q=0,1,.... (A4.2)
CI’

The vanishing of (A4.2) for any g =0, 1, ..., is possible only if there is no pole at
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Appendix §

We shall show below that y; o5 can be continued through the cut (b, ai) (see figure
1) even if the points b,, a, collapse into x,—the local minimum of the potential—when
A > +c0, It should be remembered that it can happen if the low energy levels are
quantised, say in the pth well, which has the same depth as the kth one, i.e. go(x,) =
go(x;) (see conditions (5.2); note also that k = p is the particular case of this situation).
However, to simplify our further considerations we shall assume below that g(x, ) # 1
and g;(x)=0 for i=1. In such a case the following estimations hold, when A - +00:

Go,—2E =(n+1)(qs,/2)"*A7'+0(A7Y)

and

a,—x,~x,—b,=(n+3)"%(q4,/2)"V*A72+0(7")
as well as

Gox—2E =(n+3)(go,/2) A7 +0(17")
and

a = x~ X, = by =(n+3)"*(go,/ Go ) A7 +0O(17") (AS.1)

where go 1 = go(Xi), 9ok = go( i), etc.

The analytical continuation of y s through the cut (b, a,) can be done along the
path U;_,C,., as is shown in figure 4. It is seen that only the behaviour of the following
quantity:

j x dx (A5.2)
Cy

where C, = G, + G+ Cy ., is critical for this continuation.

Let us note further that the point @} can be chosen to lie arbitrarily close to the
point x,, independently of A, but simultaneously keeping the point a, between them.
The latter property can be achieved by choosing A sufficiently large. Having this in
mind we can perform the integrations in (A5.2) expanding first the integrand in Taylor
series around the point x,. However, before doing it let us observe that, as follows
from (A2.4), all x;., with n=1 (x5 =0) only have poles at the points a;, b, with zero

Figure 4. The integration path for the kth well.
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residue. So, they do not contribute to {A5.2). Therefore, it is necessary to consider the
following quantities:

J Xnax, E)dx n=0. (A5.3)
Cy

We first expand (go—2E) ®""*/*** in the following way:
(go—2E) A= (qox —2E) P F(Ba—v, 1 15 =(qo~ do)/ (qox —2E))
for xeint K and
(‘IO_ZE)_B”+U =(qo— ‘IO‘k)_B”ﬂF(Bn -0, 1; 1, —(gox—2E)/ (g0~ Gox)) (A5.4)

for x e ext K, where K is a set defined by |qo— gox| <|gox —2E|, B,=(3n+a,)/2 and
F{a, B; v; x) is the hypergeometric function.

Next, noticing that C;,eintK, and G, GCic€extK and go=
Go.x +iqo(x— x)*+O((x ~ x;)*) and keeping only the lowest powers of p; — x,, pk — X,
a;—x, and a;— x, we get

J‘ Xn+2dy =2 frn(x)(r+1)7(q04) (qosx—2E) 2" [(pr —x) ™!
Ciu rnv
X F(B,—v,r/2+5%r/2+3; 396 px —xk)z/(%.k =2E))—(px > pi)]
J Xn+2dy =2 fre(x)[2875/ (2B, =25 = r=1)1(qox) P (@) —x, ) 2P t2err !
CZ,A rt

XF(B,,"‘U, Bn_v_r/z_%; Bn—v—r/2+%; _2(qg,k)_‘
><(qO,k_zE)/(aL_xk)z)"(a;(—)pk)]

J' Xne2dy =Y £ (X257 / (2B, =20~ r = 1))(g5) P27  [(ph — xi) 282077
Car ro

><F‘(Bn -0, ﬂn —u—r/Z—%; .Bn _U'_r/2+%; _2(‘16,,1()_1
X (o ~2E)/ (pk=x)*) ~ (pi~ ai)]. (A5.5)

Using now the analytic continuation formulae for the hypergeometric function
(Bateman 1953) we get

JC Xn+2dy = Zf;rr(xk){r(ﬂn —v=r/2=9)T(r/2+3)/T(B, ~v)

X (qoi) 7V (gop —2E) a1/

+27(2B =20 —r = 1) (gh) BT (@) = x,) TRt
XF(B,~v,Bn—v—r/2=% B, —v—r/2

+3, —2(q6) (qox—2E)/(ak—x)*) = (ak->al)]}. (AS6)

Now let us make use of the estimations (A5.1). It is seen from (AS.3) that, when
A > +00, the most singular terms should be those with the minimum values of r+2v.
Since the latter are given by (A2.6) we get the following leading power of A for (AS5.6):

JX;+de~An+l Y Sfan(xdn!T(r/2+3)/T(n+r/2+3)
Cy v

2r+v=m,,

X (go)”* 7 (m+1)1(g5,) 17" (A5.7)



Low energy levels and matrix elements 2989

Therefore, together with the power A ~"~! which stands in front of x,+., (A5.6) proves
the following behaviour of % x~ if continued through the cut (b, ai):

J“ Y (%, E A dy =2 "+ Y A7l (x) (A5.8)

Xy n=0

where »\*’ is a finite constant defined by

x¥ = lim J x~dy (A5.9)
Cy

A=+
and given by the following series:

#9=Y Y frxonT(r/2+3/T(n+r/2+3)
n=0 r.v
2rtr=m,

x(qox)” >V im+1)ige )T (A5.10)

Appendix 6

To find asymptotic expressions for the matrix elements (3.6) in the limit A -+ we
make use of the following formula:

r exp(—Ah(x))f(x) dx

~ 3 /27T L0 2= 2Tk k)

r=0 j=0

x X [RAT0)LRPTHO/ (gD (pe+3)] (A6

pit.tpi=j—k
p=0

where h(0)=h'(0)=0 and h"(0) =1, and f{(x) is regular at x =0. The above formula
can be deduced, for example, from Erdelyi (1956).

Appendix 7.

We shall evaluate here the leading term forff,’,,w,1 (defined by (6.13)) in the limit N - +0,
For the action of the operator =¥ on Q, we get in this limit:

SHQ, = (—1yp N TR N2 (d d ) (P YT A dr) YN T2, )
= (—1YNYr* [N d*/dr=[1+(29 - 1)/ N1[1+ (29 -3)/ N1/4r’YQ,
x (—1YN¥YPX(N"2d*/dri=1/4rYQ,
+O(N¥ ) (=1YN¥PH (N2 d*/dr* = 1/4r7Y 7 [(2U -2E))Q,]
+O(NY H(=1YNPP 22U -2EY)YQ,+O(NY™), (A7.1)



2990 S Giler
Therefore, for the leading term off‘;’,,,yv,, we obtain (see appendix 6)

g n = 5quNk+jJ- Q.r*QEY,-2UYQ, dr/C +O(N*™

0

=8, N ¥ (1/iN(2EN~2UY],-,,

i=0

XJ' Q. (r=ry)'Q, dr/C+O(N 1)

Q
= 80BN I [(2E ) = 2U(r) P + O(N*"71) (A7.2)
where C = (J; Q2, dr [y QZ,dr)"? The last row in (A7.2) proves (6.15).
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